Abstract. It has been shown [1, 2, 9, 10] that for several nilpotent Gelfand pairs (N, K) (i.e., with N a nilpotent Lie group, K a compact group of automorphisms of N and the algebra L 1 (N ) K commutative) the spherical transform establishes a 1-to-1 correspondence between the space S(N ) K of K-invariant Schwartz functions on N and the space S(Σ) of functions on the Gelfand spectrum Σ of L 1 (N ) K which extend to Schwartz functions on R d , once Σ is suitably embedded in R d . We
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1. Introduction 1.1. Presentation. In this paper, we present our progress in the investigations of spectral properties of the abelian convolution algebra associated with a nilpotent Gelfand pair. The properties we are interested in can be rephrased with essentially two different equivalent viewpoints: on one hand in terms of functions defined on the spectrum of this algebra and on the other hand as spectral multipliers in several operators. In the Euclidean setting, this equivalence follows readily from the basic properties of the Fourier transform and is commonly used when studying or using Euclidean Fourier multipliers. Nilpotent Gelfand pairs provide a natural setting and a relatively explicit model where these questions can be investigated further. Let N be a connected and simply connected nilpotent Lie group and K a compact group of automorphisms of N . We say that (N, K) is a nilpotent Gelfand pair if the convolution algebra L 1 (N ) K of K -invariant integrable functions on N is commutative. This is equivalent to saying that (K N, K) is a Gelfand pair in the ordinary sense [6, 29] . It must be mentioned from the very beginning that the group N in a nilpotent Gelfand pair cannot [3] have step greater than 2.
In this paper we address the following problem concerning smoothness preserving properties of the spherical transform G on (N, K).
It has been established in [8] that the Gelfand spectrum of L 1 (N ) K can be identified with a closed subset of R d for some d. then a homeomorphic image of the Gelfand spectrum Σ and is also the joint L 2 -spectrum of (the self-adjoint extensions of) the D j .
Examples of immersions of Gelfand spectra in R d are
• the orbit space R n /K, with N = R n and K ⊂ O n , realised as the image of R n in R d under the polynomial map P (x) = p 1 (x), . . . , p d (x) , for a given choice of the Hilbert basis (p 1 , . . . , p d ) of R[R n ] K ; • the Heisenberg fan in R 2 , with N = H n , the (2n+1)-dimensional Heisenberg group, K = U n and D consisting of the sub-Laplacian and the central derivative.
The problem we address is whether the spherical transform maps injectively the K-invariant Schwartz space S(N ) K onto the space S(Σ D ) of restrictions to Σ D of Schwartz functions on R d . We call this property (S); see Section 2.4 for the precise formulation.
Property (S) is known to hold for all pairs in which N equal to R n or to a Heisenberg group and for pairs where the action of K on the centre of n is rank-one, i.e., orbits are full spheres [1, 2, 9, 10] .
The scope of this paper is to provide a general inductive scheme which allows to deduce property (S) on more complex pairs from its validity on simpler ones.
One feature of our approach to the general problem is that it does not rely on explicit formulas for spherical functions or for the differential operators involved, but rather on a bootstrapping procedure. Explicit formulas of the kind mentioned above have been found only for special pairs with N equal to the Heisenberg group [7] .
We first prove, in Section 3, that property (S) is "hereditary" under the following operations:
• central reductions of N , obtained by replacing N with a quotient modulo a K-invariant central subgroup; • normal extensions of K, obtained by replacing K by a larger compact group K of aurtomorphisms of N , in which K is normal; • taking direct products (N 1 ×N 2 , K 1 ×K 2 ) of pairs (N 1 , K 1 ), (N 2 , K 2 ) both with property (S).
The central part of the paper is devoted to proving our main result, Theorem 6.6, stating that, for a general nilpotent Gelfand pair, property (S) holds provided two hypotheses are verified:
(i) property (S) holds for a family of lower-dimensional "quotient pairs"; (ii) there is a Hadamard-type expansion formula for spherical transforms at points of a "singular subset" of Σ D ; we call this hypothesis (H).
The notion of quotient pair and hypothesis (H) will be presented and studied in Sections 4 and 6 respectively.
In the last part of the paper we apply the previous results to prove property (S) for the following pairs 1 with a higher rank action of K on the centre of N :
1 The table gives the Lie algebra n of N split as n = v ⊕ w with w = [n, n] and v K-invariant. The limitations on n in the right-most column are meant to avoid superpositions with already known cases. For non-obvious notation and the explicit forms of the Lie brackets, see Section 7.
(1.1)
These pairs appear in Vinberg's classification [26] of nilpotent Gelfand pairs with the two properties that v is irreducible under K and that they cannot be obtained from others by means of normal extensions or central reductions.
The pairs in Table ( 1.1) do not exhaust the full Vinberg classification. As to the other Vinberg pairs, we have a proof that they also have property (S), but we do not include the proof in this paper in order to avoid extra arguments which at the moment only apply to individual cases 2 .
One advantage in restricting ourselves to the pairs in Table ( 1.1) is that this family of pairs is self-contained, in the sense that the quotient pairs that intervene belong to the same class or have rank-one action on the center. and that the D j can be assumed to be Rockland operators; see Section 2.4, in particular Theorem 2.8. Hence the crucial question is the opposite implication in property (S): given a K-invariant Schwartz function F on N , does GF extend from Σ D to a Schwartz function on R d ? It must be noticed that the answer does not depend on the choice of the system D of differential operators (Proposition 2.6).
The state of the art about property (S)
In the most elementary case of N = R n , with K ⊂ O n , the (positive) answer follows directly from the G. Schwarz theorem [22] about representability of K-invariant C ∞ -functions on R n as C ∞ -functions on a system of fundamental invariants, cf. [2] for a detailed discussion.
The next level of complexity is that of the Heisenberg group H n ∼ = C n × R as N , K being a closed subgroup of U n giving the required commutativity of L 1 (N ) K . The method of proof, given in the general case in [2] , is an early use of the hypotheses (i), (ii) above. The quotient pair in (i) is in this case (C n , K), while the singular subset of Σ D in (ii) is the set of spherical functions 2 Hypothesis (H) has been proved to hold for all Vinberg pairs in [11] . A proof of property (S) for the remaining Vinberg pairs will appear elsewhere.
with eigenvalue 0 relative to the central derivative ∂ t . The Hadamard expansion is then done in the spectral variable λ corresponding to ∂ t . One proves that, for F ∈ S(H n ) K and every N ,
with g 0 , . . . , g N ∈ S(R) and F N ∈ S(H n ) K . Here ξ denote the (d − 1)-tuple of remaining spectral coordinates.
When we pass to step-two groups different from the Heisenberg group, i.e., with a higher dimensional centre, matters become more complicated because two aspects must be taken into account: the action of K on the centre z of n is no longer trivial in general, and the derived algebra w = [n, n] may be properly contained in z. These elements have an effect on the structure of the Gelfand spectrum Σ, since the bounded spherical functions (which are all of positive type by [3] ) are coefficients of the irreducible unitary representations on N , for which one of the parameters is given by the K-orbits in w. This justifies that the first level of complexity beyond Heisenberg groups is that of groups with a rank-one action of K on z, for which there is only a one-parameter family of orbits in z (and hence w = z). More elaborated applications of hypotheses (i) and (ii) to prove condition (S) on these pairs are in [9, 10] .
1.3. Plan of the paper. The paper is organised as follows.
In Section 2, we set the basic notation and recall the general facts on nilpotent Gelfand pairs and property (S). In Section 3 we prove the above mentioned hereditary properties of pairs with property (S).
In Section 4 we introduce the quotient pairs appearing in hypothesis (i). For t ∈ w, we denote by K t the stabilizer of t in K, by T t (Kt) the tangent space at t to the K-orbit Kt, and by the central quotient n t = v ⊕ w/T t (Kt) . To avoid trivialities, we assume that t is not fixed by K.
We then split w as
wherew is the space of K-fixed elements and w 0 is its K-invariant complement. To each t ∈ w 0 \{0} we associate the quotient pair (N t , K t ). Using the notion of slice for a linear action of a group on a vector space, we present the radialisation method for constructing K-invariant functions on N from K t -invariant functions on N t .
In Section 5 we prove that, under the only assumption that (i) holds, property (S) holds limited to F in the space S 0 (N ) K of Schwartz functions which have vanishing moments of any order in the w 0 -variables.
In Section 6, we introduce the singular subset of the Gelfand spectrum mentioned in (ii), defined as the set of spherical functions which have eigenvalue 0 relative to derivatives in the w 0 -variables. This set is naturally identified with the Gelfand spectrum of (Ň , K) withň = v ⊕ (w/w 0 ).
We then show how hypothesis (H) allows to remove the vanishing moments condition and obtain property (S) under assumptions (i) and (ii) above.
In Section 7, we prove that property (S) holds for the pairs in We would like to thank these institutes for their warm hospitality and for providing an excellent stimulating environment.
Generalities on nilpotent Gelfand pairs and property (S)
This section is devoted to some generalities regarding nilpotent Gelfand pairs and property (S). In Section 2.1, we recall the equivalent definitions of a nilpotent Gelfand pair (N, K) and set some notation for N . In Section 2.2, we give equivalent descriptions of spherical functions and Gelfand spectra. We discuss property (S) in Section 2.4. We eventually recall the notions of symmetrisation and Hilbert basis in Sections 2.5 and 2.6 respectively.
2.1. Definitions and notation. Let N be a nilpotent, connected and simply connected Lie group, and let K be a compact group of automorphisms of N . 
(ii) the algebra D(N ) K of left-invariant and K-invariant differential operators on N is commutative; (iii) if π is an irreducible unitary representation of N and K π is the stabiliser in K of the equivalence class of π, then the representation space H π decomposes under K π without multiplicities; (iv) same as (iii), for π generic. This is the same as saying that (K N, K) is a Gelfand pair. With n denoting the Lie algebra of N , we often write (n, K) instead of (N, K).
We recall the following basic result from [3] .
is a nilpotent Gelfand pair, N has step at most 2.
We can then split n as the direct sum v ⊕ w, where w = [n, n] is the derived algebra and v a K-invariant complement of it. As N has step at most 2, w is abelian and is contained in the centre z of n. We regard the Lie bracket on n as a skew-symmetric bilinear map from v × v to w.
Using the exponential coordinates to parametrise elements of N , the product on N is expressed as an operation on v ⊕ w, via the Baker-Campbell-Hausdorff formula
Accordingly, 0 will denote the identity element of N . Introducing a K-invariant inner product , on v ⊕ w under which v ⊥ w, we identify n * with n throughout the paper.
On N , as well as on its Lie algebra n = v ⊕ w, we consider the automorphic (group) dilations
We say that a function f , resp. a differential operator D on N , is homogeneous of degree ν (with respect to the group dilations) when
However, the expressions "degree of a polynomial" and "order of a differential operator" will have the ordinary meaning.
We fix Lebesgue measures dv on v and dw on w and the Haar measure dx = dvdw on N .
Spherical functions.
Harmonic analysis on Gelfand pairs is based on the notions of spherical function (with particular emphasis on the bounded ones) and spherical transform, see e.g. [6] , [16, Ch. IV] . In this section and the next, we recall these notions in the context of nilpotent Gelfand pairs and the basic properties which will be relevant for us. Let (N, K) be a nilpotent Gelfand pair. The spherical functions are the joint K-invariant functions ϕ on N which are eigenfunctions of all operators in D(N ) K and take value 1 at the identity. Spherical functions are real-analytic. Given D ∈ D(N ) K and a spherical function ϕ, we denote by ξ(D, ϕ) the corresponding eigenvalue. Hence a smooth K-invariant function ϕ on N is a spherical function whenever
The bounded spherical functions are characterised by the multiplicative identity
It has been proved in [3] that all bounded spherical functions of (N, K) are of positive type. Hence they are in one-to-one correspondence with (equivalence classes of) irreducible unitary representations of K N admitting non-trivial K-invariant vectors and can be expressed as diagonal matrix entries of such representations. However, we prefer to view these expressions as partial traces of irreducible unitary representations of N , see (2.4) below.
For ζ ∈ w, denote by r ζ ⊆ v the radical of the bilinear form
The following statement is a direct consequence of the Stone-von Neumann theorem and we omit its proof. Lemma 2.3. For each ζ ∈ w there is a unique, up to equivalence, irreducible unitary representation π ζ of N such that dπ ζ (0, w) = i ζ, w I for all w ∈ w and dπ ζ (v, 0) = 0 for all v ∈ r ζ .
For each ζ ∈ w and ω ∈ r ζ , define the irreducible representation π ζ,ω by the condition
Every irreducible unitary representation of N is equivalent to one, and only one, π ζ,ω .
We denote by H ζ the representation space of the representations π ζ,ω . The stabiliser K ζ,ω ⊂ K of the point ω+ζ ∈ n also stabilises the equivalence class of π ζ,ω , giving rise to a unitary representation 3 3 In general, this operation leads to a projective representation of the stabiliser in K. In our case we obtain true representations, since restriction of the metaplectic representation of Sp(r ⊥ ζ , B ζ ) to a compact subgroup can be linearised [13] .
We have the following characterisation, cf. [5, 25] .
Proposition 2.4. (N, K) is a nilpotent Gelfand pair if and only if, for each (resp. for generic) ζ, ω, H ζ decomposes without multiplicities into irreducible components under the action of K ζ,ω .
3)
To each µ ∈ X ζ,ω we can associate the spherical function
For a given k ∈ K, we have X kζ,kω = X ζ,ω , under the natural identification of the dual object
Up to this K-equivariance, the parametrisation of the spherical function via ϕ ζ,ω,µ is unique.
2.3.
Gelfand spectrum and spherical transform. The Gelfand spectrum of the nilpotent Gelfand pair (N, K) is the spectrum of the commutative convolution algebra
with the compact-open topology. We will denote it just by Σ if there is no ambiguity.
This yields a continuous linear one-to-one mapping G :
The last part of the previous section shows that Σ(N, K) can be parametrised by triples (ζ, ω, µ), precisely
where the action of K is expressed by (2.5). But a different kind of parametrisation provides topological embeddings of Σ into Euclidean spaces in the following way. Let
be a d-tuple of essentially self-adjoint operators which generate D(N ) K as an algebra. Such a tuple exists and form a family of strongly commuting self-adjoint operators whose joint L 2 -spectrum can be identified with the Gelfand spectrum, see [9] . Indeed, given ϕ ∈ Σ, denote by
of R d which is homeomorphic to Σ, see [8] . Consequently the spherical transform GF in ( 
and are inverse of each other.
In the case where N = R n and K is trivial, D(R n ) K is the algebra of all constant coefficient differential operators, and the bounded spherical functions are the unitary characters ϕ λ (x) = e iλ·x , for λ ∈ R n . Taking
we have ξ(ϕ λ ) = λ, so that Σ D = R n , and GF =F is the ordinary Fourier transform.
Property (S).
In this section, we give the precise formulation of property (S) and summarise the known results about it. Let S(N ) K denote the Fréchet space of K-invariant Schwartz function on N . Let
be the space of restrictions to Σ D of Schwartz functions on R d , with the quotient topology. Property (S) is stated as follows:
The spherical transform G maps the Fréchet space S(N ) K isomorphically onto S(Σ D ). The following statement follows directly from Lemma 2.5, see [2] and [9] : Proposition 2.6. The validity of property (S) is independent of the choice of D.
Property (S) has been proved to hold in several cases. For 'abelian pairs', i.e., with N = R n and K ⊂ GL n (R) compact, it has been shown in [2] that property (S) follows from G. Schwarz's extension [22] of Whitney's theorem [28] to general linear actions of compact groups on R n .
For nonabelian N , property (S) has been proved in the following cases:
(i) pairs in which N is a Heisenberg group or a complexified Heisenberg group [1, 2] ; (ii) "rank-one" pairs, where w = z, the centre of n, and the K-orbits in w are full spheres [9, 10] .
The argument used in Section 5 of [1] also allows to obtain the following statement. We omit its proof, which only requires minor modifications. Proposition 2.7. Let (N, K) be a nilpotent Gelfand pair where K acts trivially on w. Then property (S) is satisfied.
As we have already mentioned in the introduction, one of the two implications which constitute property (S) is a matter of functional calculus on Rockland operators on graded groups (i.e., with a graded Lie algebra), due to the following equivalence for K ∈ L 1 (N ) K :
It was proved in [17] that if L is a Rockland operator and g is a Schwartz function on the line, then the operator g(L) is given by convolution with a Schwartz kernel. This statement has been later extended to commuting families of d Rockland operators and g ∈ S(R d ), cf. [24] and [2, Th.
5.2].
Since on any nilpotent Gelfand pair, we always have a system D consisting of Rockland operators [2] and this has the following consequence.
In other words, the continuous inclusion
holds for any nilpotent Gelfand pair. As G is linear and one-to-one, the open mapping theorem for Fréchet spaces [23] implies that the proof of property (S) reduces to proving the opposite inclusion, i.e., that the spherical transform of any function in S(N ) K , viewed as a function on Σ D , admits a Schwartz extension to R d .
By Proposition 2.6, property (S) is independent of the choice of D. Convenient choices of D will be obtained by applying the symmetrisation mapping to polynomials on n.
2.5. Symmetrisation. In this section, we set some notation and recall some properties of the symmetrisation mapping.
The symmetrisation mapping can be defined for any Lie group N and is completely independent of the notion of nilpotent Gelfand pair. Denoting by n the Lie algebra of N , the symmetrisation mapping λ = λ N is the unique linear bijection from the symmetric algebra S(n) onto the universal enveloping algebra U(n) which satisfies the identity λ(X n ) = X n for every X ∈ n and n ∈ N [16, Theorem 4.3 in Ch.II]. The symmetric algebra S(n) may be viewed as the space P(n * ) of polynomials on the dual space n * , and, after identifying n * and n, as the the space P(n) of polynomials on n. When the elements of U(n) are regarded as left-invariant differential operators on N , we use the notation D(N ).
Following [10, Sect. 2.2], we will use a modified symmetrisation λ N : P(n) −→ D(N ), which maps the polynomial p ∈ P(n) to the differential operator
i.e., λ (p) = λ p(i −1 ·) , in terms of the standard symmetrisation λ. Hence only constants are changed with this modification but its advantage is that polynomials with real coefficients are transformed by λ into formally self-adjoint differential operators
4
. When it is necessary to specify the group N , we write λ N instead of λ .
In the next lemma, we summarise some properties of λ which are readily checked, like the compatibility with the usual and homogeneous degrees for polynomials and differential operators (Parts (1) and (2) resp.), with the action of a compact group (Part (3)). We also give some weak properties on symmetrisation of product of polynomials in Parts (1), (2) and (4). Lemma 2.9. We consider the symmetrisation λ on a Lie group N as above. It is a linear isomorphism from the space P(n) onto D(N ) which satisfies the following property:
(1) The degree of p ∈ P(n) is equal to the order of λ (p). Furthermore, if p 1 , p 2 ∈ P(n) are polynomials of degree
With respect to the group dilations defined in (2.1), the homogeneous degree of the polynomial p ∈ P(n) is equal to the homogeneous degree of the differential operator λ (p).
Let K be a compact group which acts by automorphism on the group N . The map λ :
Consequently, if the polynomial p is K-invariant, then the operator λ (p) is K-invariant. (4) Let z be the centre of the Lie algebra n. If p 1 ∈ P(z) and p 2 ∈ P(n) then
The proof of Lemma 2.9 is left to the reader.
Convenient choices of D will be obtained by applying λ to certain families of polynomials on n, as explained in the next section.
2.6. Hilbert bases. Let (N, K) be a nilpotent Gelfand pair.
We say that a polynomial p ∈ P(n) has bi-degree (r, s) if p ∈ P r (v) ⊗ P s (w). Notice that the homogeneous degree of p is then ν = r 2 + s. By a bi-homogeneous Hilbert basis of (n, K), we mean a d-tuple ρ = (ρ 1 , . . . , ρ d ) of real, Kinvariant polynomials on n generating the K-invariant polynomial algebra P(n) K over n and with each ρ j has bi-degree (r j , s j ).
We set
is homogeneous of degree ν j = r j + 2s j with respect to the group dilations. It is not difficult to see that if ϕ ∈ Σ, then also ϕ δ (v, t) = ϕ δ · (v, w) is a bounded spherical function for every δ > 0. Consequently we have:
Hence Σ D is invariant under the anisotropic dilations on R d
The first two authors take this opportunity to correct an error in the formulation of Proposition 3.1 in [9] : it applies to operators D = λ (p) with p real.
We split w as (2.12) w = w 0 ⊕w , wherew denotes the subspace of K-fixed elements of w, and w 0 its (unique) K-invariant complement in w.
We will privilege bi-homogeneous Hilbert bases ρ which split as ρ = (ρ w 0 , ρw, ρ v , ρ v,w 0 ) (i) ρ w 0 is a homogeneous Hilbert basis of P(w 0 ) K ; (ii) ρw is any system of coordinate functions onw;
The existence of such Hilbert bases is obvious. We denote by Dw, 
and set
for the eigenvalues of a function ϕ ∈ Σ(N, K) for D. Whenever a unified notation for all invariants on w is preferable, we we will use the symbols ρ w , d w , ξ w (ϕ), etc.
In Section 4.3, we will need a different splitting of the family ρ, which takes into account the degrees of polynomials in the v-variables (in the ordinary sense). Then ρ (k) will denote the (possibly empty) set of elements which have degree k in the v-variables. In particular, ρ (0) = ρ w . In this situation, the elements of ρ (k) will be labelled as (ρ k,1 , . . . , ρ k,d (k) ). Accordingly, we split D and the corresponding set of eigenvalues as
Hereditarity of property (S)
In this section, we list certain procedures on the groups N and/or K which, if applied to pairs satisfying property (S), produce new ones also satisfying property (S). These operations are: normal extensions of K, direct products of pairs, central reductions 5 of N . They are stated below in Propositions 3.1, 3.2 , and 3.3 respectively.
Proposition 3.1 (Normal extension of K). Let K # be a compact group of automorphisms of a nilpotent Lie group N , and K a normal subgroup of K # . If (N, K) is a nilpotent Gelfand pair satisfying property (S), then (N, K # ) is also a nilpotent Gelfand pair satisfying property (S).
The proof of Proposition 3.1 was given in [10] (thereby extending an argument of [2] ). 5 The expression "central reduction" is kept, here and in the sequel, as in [25] for linguistic convenience, though it only refers to subspaces of the derived algebra w. Nonetheless, Proposition 3.3 still holds if s is taken as a subspace of z.
is also a nilpotent Gelfand pair satisfying (S). Proposition 3.3 (Central reduction). Let (N, K) be a nilpotent Gelfand pair. If s is a K-invariant subspace of w, denote by N the quotient group with Lie algebra n/s.
If the pair (N, K) satisfies property (S) then (N , K) is also a nilpotent Gelfand pair satisfying property (S).
In Section 3.1, we give the proof of Proposition 3.2. In Section 3.2, we introduce some notions attached with quotients of a nilpotent Gelfand pair which will be useful in the proof of Proposition 3.3 (given in Section 3.3) as well as in other parts of the paper. Proposition 3.3 has been announced in [11] without proof.
3.1. Proof of Proposition 3.2. We will need the following property of decompositions of Schwartz functions on the product of two Euclidean spaces. We use the following Schwartz norms on S(R n ):
Lemma 3.4. Let n 1 and n 2 be two positive integers. Set n = n 1 + n 2 . Let also ψ ν , ν = 1, 2, be smooth function on R nν , supported in [−1, 1] nν and satisfying:
Then the following properties hold.
(c) For any M ∈ N, there is a constant C M , independent of F , such that the coefficients c l,m satisfy:
Proof of Lemma 3.4. The inequalities in (3.1) are trivially satisfied. For ν = 1, 2, we consider a partition of R n 1 with the cubes l ν + [− 
] n . If m∈Z n c l,m e ix.m is the Fourier series of its 2π-periodic extension in each variable, it is easy to see that the coefficients c l,m satisfy (3.3) for any M ∈ N. We can write
which gives (3.2).
lν ,mν on R nν such that the conclusions of Lemma 3.4 hold, withH
Proof. Just take asH
lν ,mν . The conclusion is quite obvious. We can now give the proof of Proposition 3.2.
Proof of Proposition 3.2. We fix two families, 
and, if G 1 , G 2 , G are the corresponding Gelfand transforms, then
Identifying N 1 and N 2 with their Lie algebras, we consider the
lν ,mν , ν = 1, 2 and l ν , m ν ∈ Z nν , satisfying the properties of Corollary 3.5.
Given F ∈ S(N ) K , we decompose it as
with coefficients c l,m satisfying (3.3). Then
Since we are assuming that each (N ν , K ν ) satisfies property (S), given any M ∈ N, there are functions h (ν,M ) lν ,mν ∈ S(R dν ), for ν = 1, 2 and l ν , m ν ∈ Z nν , and an integer A M such that
If we set h
,
Combining the rapid decay of the coefficients with the polynomial growth (3.4) of the M -th Schwartz norm of the h
Given M 0 ∈ N, we want to construct a Schwartz extension f (M 0 ) of GF whose M 0 -th Schwartz norm is controlled by a constant, independent of F , times
The a M can be inductively chosen to be non-decreasing. Then we define f (M 0 ) as
Clearly, the series converges on Σ D to GF . To show that it defines a Schwartz function on all of
This implies that f S(R d ),M 1 is finite. Moreover, combining (3.5) and (3.6) together, we have that f
as required.
3.2.
Quotienting by a subspace of w. In this section, we consider quotients in the derived algebra and define various the objects attached with them which will be essential in the study of quotient pairs later on.
3.2.1. Push-forward of functions and differential operators. We consider a general connected and simply connected nilpotent Lie group N of step two, and a decomposition n = v ⊕ w of its Lie algebra with w = [n, n]. We consider a non-trivial subspace s of w.
We denote by n the quotient algebra n/s and by N the corresponding quotient group. If w is a complement of s in w, i.e. w = w ⊕ s, then n can be regarded as v ⊕ w with Lie bracket
where proj denotes the projection of w onto w along s. Note that [n , n ] n = w . For any function F ∈ S(N ), we define the function R s F ∈ S(N ) via
For any F ∈ S(N ) and G ∈ L ∞ (N ), we have the identity
i.e., R s is the formal adjoint of the lifting operator from functions on N to functions on N .
Using the formula for the symmetrisation given in (2.10), we can check easily that
3.2.2. Action of a compact group. Keeping the notation above, we also assume that we are given a compact group K acting by automorphisms on N . Hence we can endow n with a K-invariant inner product and we choose v = w ⊥ in n and w = s ⊥ in w. Then proj is the orthogonal projection of w onto w . We denote by K the stabiliser of s in K and fix Lebesgue measures dv, dw , ds on v, w , s, respectively. One checks readily that if a Schwartz F is K-invariant, then R s F is also Schwartz and Kinvariant, i.e.,
Case of a nilpotent Gelfand pair. We continue with the notation above. Notice that if (N, K) is a nilpotent Gelfand pair and if K is a subgroup of K which stabilises s, then (N , K ) is not necessarily a nilpotent Gelfand pair. For future reference (Section 4), we state the following sufficient condition.
Lemma 3.6. Assume that (N, K) is a nilpotent Gelfand pair and, for generic ζ ∈ w , the stabiliser
Proof. For ζ ∈ w , the representations π ζ ,ω of N defined in Lemma 2.3 factor to N giving all its irreducible unitary representations. According to Proposition 2.4, (N , K ) is a nilpotent Gelfand pair if and only if, for generic ζ , ω, the representation space decomposes without multiplicities under the action of K ζ . Under the present hypotheses, this condition is satisfied because K ζ = K ζ .
In the case that both (N, K) and (N , K ) are nilpotent Gelfand pairs, we can define a map (denoted Λ s below) between the Gelfand spectra. Proposition 3.7. Let (N, K) be a nilpotent Gelfand pair. We consider a non-trivial subspace s of the derived algebra w of n and a subgroup K of K which stabilises s. Suppose that (N , K ) is a nilpotent Gelfand pair, where n = n/s.
If ϕ is a bounded spherical function on N , then the function Λ s ϕ defined via
is a bounded spherical function on N . This defines a map Λ s : Σ(N , K ) → Σ(N, K) which is continuous.
Denoting by G and G the spherical transform of (N, K) and (N , K ), we have
Proof. We keep the notation of the statement. One checks easily that Λ s ϕ is a bounded smooth K-invariant function on N which is equal to 1 at 0. It remains to see that it is an eigenfunction for every D ∈ D(N ) K and, for this, we compute easily using (3.8):
where ξ = ξ(R s D, ϕ ). This proves that Λ s ϕ is a bounded spherical function for (N, K). Hence the map Λ s is well defined. One checks easily the continuity of Λ s for the compact-open topology. For any F ∈ S(N ) K and ϕ ∈ Σ(N , K ), we have
This shows the last property of the statement.
Keeping the notation of Proposition 3.7, we see that we have also obtained the following relation between tuples of eigenvalues associated with ϕ and Λ s ϕ :
In particular, this implies that the map Λ s is smooth in the following sense: 
Parametrising the bounded spherical function as in (2.4) and keeping the notation of Lemma 2.3, we can describe the image of Λ s in the following way.
In particular, the image of Λ s consists of those ϕ ∈ Σ which can be expressed as ϕ ζ,ω,µ for some ζ ∈ w .
Proof. Let π ζ,ω be the representation of N associated with (ζ, ω) as in Lemma (2.3). As ζ ∈ w = s ⊥ , one checks easily that ω ∈ v is in the ζ-radical for n and n . Hence we can also consider the unitary irreducible representation π ζ,ω of N . Lemma (2.3) implies easily that π ζ,ω = (π ζ,ω ) |N and furthermore that π ζ,ω = π ζ,ω • proj.
By (2.4), the spherical function ϕ ζ,ω,ν ∈ Σ(N , K ) is given via
Hence, for any (v, w) ∈ N , we have
Since both decompositions are multiplicity-free, each V (µ) is a finite union of V (ν). We observe that, by Schur's lemma, for every µ ∈ X ζ,ω and every unit element e ∈ V (µ), we have
Consequently, when V (ν) ⊂ V (µ), we have:
and thus Λ s ϕ ζ,ω,ν = ϕ ζ,ω,µ .
Propositions 3.7-3.9 will be an essential tool in Section 4.2 to understand the local identifications between the spectrum of a given nilpotent Gelfand pair (N, K) and those of its quotient pairs. At the moment, we use these results to conclude the present section with the proof of Proposition 3.3.
Proof of Proposition 3.3.
We keep the same notation of Section 3.2 for N, n = v ⊕ w, s ⊂ w, N , R s , K. We suppose furthermore that (N, K) is a nilpotent Gelfand pair and that the subspace s is invariant under K. The group K stabilising s is then K itself. It is proved in [26] that (N , K) is a nilpotent Gelfand pair.
Simplifying the proof of Proposition 3.7, one easily checks that, under these assumptions, if ϕ is spherical and bounded on N , then ϕ • proj is also spherical and bounded on N . Moreover, the map Λ s in Proposition 3.7 reduces to composition with proj, that is,
In particular, Λ s is injective and admits a simple realisation once we choose suitable generators for 
on N and N respectively. The equality in (3.9) implies that
The link between the eigenvalues associated with ϕ and Λ s ϕ in Let G and G be the spherical transforms of (N, K) and (N , K ) respectively. We fix a smooth and compactly supported function ψ on s with integral 1. Hence for any F ∈ S(N ) K , (F ⊗ψ)(v, w +s) = F (v, w )ψ(s) defines a Schwartz function F ⊗ ψ ∈ S(N ) K with R s (F ⊗ ψ) = F , and, by Proposition 3.7, we have G F (ϕ ) = G(F ⊗ ψ)(Λ s ϕ ) for any ϕ ∈ Σ(N , K). Realising the Gelfand spectra as Σ D and Σ D , we have obtained
One checks readily that the map F → F ⊗ ψ is continuous and linear from S(N ) K to S(N ) K . We now assume that (N, K) satisfies property (S). This means that G :
is an isomorphism of Fréchet spaces. Consequently, for any F ∈ S(N ) K , G(F ⊗ψ) extends to a Schwartz function f ∈ S(R d ). The equality in (3.12) implies that G F extends to the function ξ → f (ξ , 0) which is in S(R d ). Together with (2.9), this shows that (N , K) satisfies property (S), and this is the desired conclusion.
Quotient pairs, slices and radialisation
In this section, we define the notion of quotient pairs which appears in the formulation of property (S). In order to prove that they are nilpotent Gelfand pairs, we must appeal to the slice theorem for actions of compact Lie groups on vector spaces. This is done in Sections 4.1 and 4.2, where the related notion of radialisation of a function on a slice is also presented. In Section 4.3 we fix convenient Hilbert bases which will be used in Section 4.4 to establish relations between the Gelfand spectrum of (N, K) and that of a quotient pair.
We fix a nilpotent Gelfand pair (N, K). Given a point t ∈ w, we define the two following subspaces of w: t t := k · t and
Here k is the Lie algebra of K thus t t is the tangent space in t to the K-orbit K · t in w. As the action of k is skew adjoint, we have t ∈ w t . With respect to the decomposition w = w 0 ⊕w in (2.12), we also havew ⊂ w t . In order to avoid the trivial situation t t = {0}, w t = w, we also assume t ∈w. So, for t ∈ w \w, we consider the quotient algebra n t := n/t t , denoting the canonical projection by proj t . Notice however that the decomposition w = t t ⊕ w t only depends on the w 0 -component of t.
As in Section 3.2, we regard n t as v ⊕ w t , with Lie bracket [v, v ] nt = proj t [v, v ] . By N t we denote the quotient group N/ exp t t .
We observe that the subspaces t t and w t of w are invariant under the action of the stabiliser K t of t in K. Hence, passing to the quotient, we obtain an action of K t on N t . We call (N t , K t ) a quotient pair of (N, K).
4.1.
Generalities on slices and radialisation. We start this section by recalling some known facts about action of a compact groups on a vector space and the notion of slices.
A construction of a slice for a compact group action goes back to Gleason [15] . We will need the "linear" version of the slice theorem.
Theorem 4.1. Let W be a Euclidean vector space and let K be a compact real Lie group K acting orthogonally on W . For any x ∈ W , we denote by K x the stabiliser of x in K and by (k · x) ⊥ the normal space to the orbit Kx at x. There is an open and
We call S x a slice at x. The notation K × Kx S x stands for the quotient of K × S x modulo the action of K x , i.e., (kk , x) is equivalent to (k, k x) for k ∈ K x .
The proof of Theorem 4. (i) For every y ∈ x + S x we have the inclusion K y ⊂ K x , more explicitly K y = (K x ) y .
(ii) Two points in x + S x are conjugate under K if and only if they are conjugate under K x . (iii) Suppose that f is a K x -invariant smooth function on x + S x . Then f extends in a unique way to a smooth K-invariant function f rad on K(x + S x ).
We call f rad the radialisation of f . Remark 4.3. This notion of radialisation extends the one used in [9] to general pairs, including the rank-one pairs considered in [10] . We notice that the arguments in the rest of this paper will not rely on the results of [10] , which in fact are being given a different proof.
We also have the following consequence in terms of Hilbert bases. Let ρ = (ρ 1 , . . . , ρ dρ ) be a bi-homogeneous real Hilbert basis for the orthogonal action of a compact real Lie group K on a Euclidean vector space W . We fix a point x ∈ W and we consider a bi-homogeneous real Hilbert basis τ = (τ 1 , . . . , τ dτ ) for the action of the stabiliser K x of x in K on the normal space (k · x) ⊥ to the orbit Kx at x. By the properties of Hilbert bases, there exists a polynomial map P :
The next statement says that P admits a smooth right-inverse on a slice at x. In order to formulate it precisely, we need to introduce the space
A scalar (or vector-valued) function is called a slowly increasing smooth function if it (or each of its components) is in O(W ).
Let U be a Euclidean neighbourhood of x such that U is K x -invariant, relatively compact and strictly included in x + S x . There exists a slowly increasing smooth map Ψ : R dρ → R dτ such that τ = Ψ • ρ on U , i.e., ∀w ∈ U, τ (w) = Ψ ρ(w) .
Hence P • Ψ = id on ρ(U ).
Proof. As the action of K is orthogonal, one checks easily that x ⊥ k · x thus x + S x ⊂ (k · x) ⊥ . Let χ ∈ C ∞ c (x + S x ) be K x -invariant and equal to 1 on U . For j = 1, . . . , d τ , thanks to Corollary 4.2, we may define u j ∈ C ∞ (W ) via
By G. Schwarz's theorem [22] , there exists a smooth function
Using the homogeneity properties of the two bases, it is possible to construct Ψ homogeneous under dyadic scaling, hence with polynomial growth in all derivatives, cf. [2] .
4.2.
The Gelfand spectrum of a quotient pair. We first observe that the quotient pairs defined at the beginning of Section 4 are Gelfand.
Corollary 4.5. Assume that (N, K) is a nilpotent Gelfand pair. Then, for every t ∈ w \w, also (N t , K t ) is a nilpotent Gelfand pair.
Proof. By Corollary 4.2, Part (i), we can apply Lemma 3.6 with w = w t .
We will denote by Σ, resp. Σ t , the Gelfand spectrum of (N, K), resp. of its quotient pair (N t , K t ). We also write R t instead of R tt and Λ t : Σ t → Σ instead of Λ tt for the continuous mapping defined in Proposition 3.7. We denote by G t the Gelfand spectrum of the pair (N t , K t ). By Proposition 3.7, we have, for any F ∈ S(N ) K ,
Also recall that, by Proposition 3.8, Λ t is the restriction of a polynomial map when regarded as a map from Σ t D t to Σ D , for given generating systems D and D t in D(N ) K and D(N t ) Kt respectively.
4.3.
Choice of Hilbert bases on n and n t . We continue with the setting of Section 4.2. We choose Hilbert bases ρ and ρ t of (N, K) and (N t , K t ) satisfying (i)-(iv) of Section 2.6. Denote by ρ (k) , resp. ρ t (k) the invariants in ρ, resp. ρ t , which have degree k in the v-variables (in the ordinary sense). Then ρ (0) = ρ w and ρ t (0) = ρ t wt . We label the elements in
).
The basic properties of Hilbert bases implies that the restriction of an element of ρ to n t can be expressed as a polynomial in the elements of ρ t . Necessarily, for polynomials only in w, the restrictions must be of the form:
whereas for non-zero v-degrees k ∈ N, we have
where the Q's and the R's are polynomials, with R k,j (ρ t (0) , . . . , ρ t (k−1) ) of degree k in v. In an analogous way, we split D = λ N (ρ) and the corresponding d-tuples of eigenvalues as
, and similarly, with
We apply the symmetrisation λ Nt to both sides of (4.3) and (4.4). By Lemma 2.9, for polynomials p on n which only depend on w, we have the identity λ (p) = p(i −1 ∇ w ), and similarly on n t . It follows that
The polynomials Q 0,j in (4.7) and Q k,j,l in (4.8) are the same as in (4.3) and (4.4) respectively. However the polynomials R k,j in (4.4) have to be modified to take into account the lower-order terms in Lemma 2.9 produced by symmetrisation. Degree considerations imply that
As in Section 2.3, to each spherical function ϕ t ∈ Σ(N t , K t ), we associate the D t -eigenvalues ξ t = ξ t (ϕ t ) ∈ R dt which we split into ξ t = (ξ t (k) ) k∈N , see (4.6). Applying ϕ t to (4.7) and (4.8), we obtain by (3.11):
By (3.11), the relations (4.7) and (4.8) extend to relations between tuples of eigenvalues of pairs of corresponding spherical functions under Λ t . Precisely, given ξ t ∈ Σ t D t as in (4.6), the point ξ = Λ t ξ t ∈ Σ D is given by
We have obtained the following property:
Lemma 4.6. When realising the spectra of (N, K) and (N t , K t ) as Σ D and Σ t D t respectively, the map Λ t is given by Λ t (ξ t ) = ξ where .5), (4.6) and the components of each ξ (k) are given by (4.9).
4.4.
Slices and radialisation applied to quotient pairs. We will apply the results of Sections 3.2 and 4.1 to prove that the map Λ t can be locally inverted by means of smooth functions on the set of spherical functions ϕ ζ,ω,µ with ζ close to t.
We continue with the notation of Sections 4.2 and 4.3 regarding quotient pairs (N t , K t ) and the choice of Hilbert bases ρ and ρ t . For each t ∈ w \w, let S t ⊂ w t be a slice at t in w.
The first step consists in expressing locally the elements of ρ t as smooth functions of ρ. We decompose ξ ∈ R d as ξ = (ξ (k) ) k≥0 , ξ t ∈ R dt as (ξ t (k) ) k≥0 as in Section 3.2, and express Φ(ξ) as Φ (k) (ξ) k≥0 . Proposition 4.7. Let (N, K) be a nilpotent Gelfand pair, t ∈ w \w and U be a Euclidean neighbourhood of t, K t -invariant and relatively compact in t + S t .
Then there exists a slowly increasing smooth function Φ :
and, denoting by depends on (ξ (0) , . . . , ξ (k) ) and each of its component has the form
) and the summation is extended to those α such that the polynomial ρ
(k−1) has degree k in v. The proof of Proposition 4.7, given below, makes use of the following consequence of the G. Schwarz theorem [22] , which can be shown by adapting the arguments in [11, Prop. 2.1] . We recall that the space O(w) of slowly increasing smooth functions has been defined in (4.1).
Lemma 4.8. We have the identity
i.e., every function ψ ∈ P(v) ⊗ O(w) K can be decomposed as a finite sum
Proof of Proposition 4.7. The existence of Φ (0) follows directly from Corollary 4.4 applied to W = w and the Hilbert bases ρ (0) , ρ t (0) . Formula (4.10) is proved with the following modification of the proof of Corollary 4.4. For k > 0 we regard v × S t as a slice at (0, t) in v ⊕ w. Let χ ∈ C ∞ c (t + S t ) be K t -invariant and equal to 1 on U . The radialisation of χρ t k, is a smooth K-invariant function on v × w.
for w ∈ t+S t and g ∈ K, (χρ t k, ) rad is a homogeneous polynomial of degree k in the v-variable for every w, i.e., in P(v) ⊗ O(w)
K . Then (4.10) follows from Lemma 4.8 and homogeneity considerations.
The parametrisation of bounded spherical functions in (2.7) together with the slice properties in Theorem 4.1 and Corollary 4.2 implies the 'local bijectivity' of Λ t between the subsets of the two spectra where the parameter ζ can be taken in t + S t . Proposition 4.9. For each t ∈ w \w, let S t ⊂ w t be a slice at t in w. The map Λ t is a bijection from the set A t t = {ϕ t ζ,ω,µ : ζ ∈ t + S t , ω ∈ r ζ , µ ∈ X ζ,ω } ⊂ Σ t onto the set A t = {ϕ ζ,ω,µ : ζ ∈ t + S t , ω ∈ r ζ , µ ∈ X ζ,ω } ⊂ Σ.
Proof. For ζ ∈ t + S t , K ζ = (K t ) ζ by Corollary 4.2 (i). Consequently, K (ζ,ω) = (K t ) (ζ,ω) for any ω ∈ r ζ , so that the decomposition of H ζ is the same. The K-equivariance of spherical function, see (2.5) , implies that the spherical function ϕ ζ,ω,µ ∈ Σ given in (2.4) with ζ ∈ K · (t + S t ), i.e. ζ = kζ t with ζ t ∈ t + S t ⊂ w t satisfy
This easily implies the statement.
Note that Lemma 4.6 already described the map Λ t , but in terms of the embeddings Σ D , Σ t D t of the two spectra, whereas Proposition 4.9 states the existence of the inverse map Λ −1 t : A t −→ A t t . In the next section we described Λ −1 t : A t −→ A t t in terms of the embeddings Σ D , Σ t D t . 4.5. Extension of the symmetrisation. The next step consists in transforming the relations between the two Hilbert bases ρ, ρ t obtained in Proposition 4.7 into relations among the corresponding differential operators. In order to do so, we need to extend the notion of symmetrisations to functions that are not polynomials in w.
We continue with the notation of Section 4.2 regarding quotient pairs (N t , K t ) of a given nilpotent pair (N, K) and the choice of Hilbert bases ρ and ρ t and their symmetrisations D = λ N (ρ), D t = λ Nt (ρ t ). For each t ∈ w \w, let S t ⊂ w t be a slice at t in w, and let U be an open, relatively compact, K t -invariant neighbourhood of t in t + S t ; we also consider the smooth function Φ :
Observe first of all that, for q ∈ P(w), the operator λ N (q) = q(i −1 ∇ w ) can be expressed as a Fourier multiplier operator in the w-variables:
where F w denotes the partial Fourier transform of F in w,
In this form, we can replace the polynomial q by any slowly increasing smooth function u ∈ O(w) and set (4.13) λ
We are using the fact that O(w) can be identified as the space of pointwise multipliers of S(w) into itself [23] .
The operators λ N (u) are central, which allows a linear extension of
Notice that
• formula (4.14) also makes sense for F ∈ S (N );
• if ψ is as above and π ζ,ω is the representation of N defined in Lemma 2.3, then, for F ∈ S(N ),
We then set
By (2.4) and the definition of π ζ,ω in Lemma 2.3,
Hence F w ϕ ζ,ω,µ is a measure 6 supported on v × Kζ.
Then, for each j, u j F w ϕ ζ,ω,µ = u j (ζ)F w ϕ ζ,ω,µ and therefore
Hence we may consider λ N (Φ • ρ) component-wise and the extension of the properties in Lemma 2.9 yields:
We can formally write
) and the last summation ranges over the multiindices β such that the order in v of D
is not greater than k (recall that the order is meant in the usual sense and not as a degree of homogeneity).
We will need the following observations concerning the interactions of the extended symmetrisations λ N , λ Nt with R t .
For ψ ∈ P(v) ⊗ O(w) we define R t λ N (ψ) via the same formula as in (3.9):
It is not hard to verify that the last two identities in (3.10) remain true if
Furthermore, if we apply R t λ N (ψ) to a spherical function ϕ t ζ,ω,µ as in (2.4) with ζ ∈ U , it follows from Lemma 4.10 that
where χ ∈ C ∞ c (n t ) is K t -invariant and equal to 1 on v × U and supported in v × (t + S t ). Since χ Φ • ρ |nt = χ ρ t by Proposition 4.7 and λ Nt (ρ t ) = D t , the observations above yield
6 It can be formally written as
We can also extend (3.11) to obtain that the D t -eigenvalues ξ t of ϕ t = ϕ t ζ,ω,µ are equal to the eigenvalues of ϕ = ϕ ζ,ω,µ for λ N (Φ • ρ). Consequently, (x k,1 , . . . , x k,d (k) ). The functions Φ k,j, and Ψ k,j,β are slowly increasing and were given in Proposition 4.7 and in (4.16) respectively.
We have thus obtained the expression for the local inverse of Λ t announced after Proposition 4.9:
Lemma 4.11. We keep the notation above and realise Λ t as a map from
the splittings are as in (4.5) and (4.6). Let
Then the components of ξ t = (Λ t ) −1 (ξ) are given by (4.17).
Extending Gelfand transforms on S 0 (N ) K
The analysis developed in Section 4 allows us to give a first result towards property (S). More precisely, we will be concerned with the space S 0 (N ) of Schwartz functions with vanishing moments of any order in the w 0 -variables. In order to define this notion, we recall the decomposition w = w 0 +w in (2.12), where w 0 denotes the orthogonal complement in w to the subspacew of K-fixed elements. We will write w ∈ w as w 0 + u with w 0 ∈ w 0 , u ∈w. We then say that a function F has vanishing moment of order β ∈ N dw 0 in the w 0 -variables if
In this section we prove the following statement.
Proposition 5.1. Let (N, K) be a nilpotent Gelfand pair. We assume that all the quotient pairs
is a Hilbert basis satisfying (i)-(iv) in Section 2.6, then f can be chosen vanishing with all its derivatives on {0} × R dw × R dv × R dv,w 0 .
In Section 5.1, we define the projection of the Gelfand spectrum onto ρ w (w). In Section 5.2, we prepare a technical tool which yields a partition of unity on ρ w 0 (w 0 ). In Section 5.3, we give equivalent descriptions of S 0 (N ) K . Eventually in Section 5.4, we prove Proposition 5.1.
5.1. The projection Π. If q is a polynomial on w, then λ (q) = q(i −1 ∇ w ) by Lemma 2.9 Part (4) and one checks readily that for any bounded spherical function ϕ = ϕ ζ,ω,µ given via (2.4), we have
Applying this to the polynomials in ρ w , we obtain
This gives the following.
Lemma 5.2. Let ρ be a bi-homogeneous Hilbert basis ρ of a nilpotent Gelfand pair (N, K) which splits as ρ = (ρ w 0 , ρw, ρ v , ρ v,w 0 ). The canonical projection Π from R d onto R dw restricts to a surjective map
and, for ξ w ∈ ρ w (w), Π
In particular, the map which assigns to a spherical function ϕ ζ,ω,µ ∈ Σ(N, K) the value ρ w (ζ) ∈ R dw is continuous.
As ρ w is a Hilbert basis on w for the action of K, ρ w (w) is homeomorphic to the orbit space w/K. Since ρ w = (ρ w 0 , ρw) and ρw consists of a set of coordinate functions onw, we have:
and ρ w 0 (w 0 ) is homeomorphic to the orbit space w 0 /K. As the polynomials in ρ w 0 are homogeneous, 0 ∈ ρ w 0 (w 0 ). The pre-image
under Π will play a special rôle in the proof of Proposition 5.1.
Partitions of unity.
The constructions in Section 4.4 present a natural homogeneity with respect to the dilations on w 0 , as well as translation-invariance with respect tow. Precisely if, for t 0 ∈ w 0 \ {0}, the conclusions of Proposition 4.7 are satisfied on a w t 0 -neighbourhood U ⊂ t 0 + S t 0 of t 0 , then they are also satisfied (i) on the neighbourhood δU of δt 0 , for δ > 0; (ii) on the neighbourhood U + u of t 0 + u, for u ∈w.
Also notice that, since K acts trivially onw, we may assume that thew-variables do not appear in components of ρ other than ρw. Sincew ⊂ w t for every t ∈ w, we may also assume the same on the components of ρ t for every t ∈ w \w.
We denote by Q t : R dt → R d the map given via (4.9) , that is,
We denote by Φ t : R d → R dt the map in (4.17), i.e.,
We denote by D(δ) be the dilations (2.11) on R d with exponents ν j equal to the degrees of homogeneity of the elements of ρ. Similarly, D t (δ) denotes the dilations on R dt with exponents ν t j , equal to the degrees of homogeneity of the elements of ρ t .
All this has the following implications on the maps constructed in Section 4.4.
(i) The maps Q t , Φ t contain the identity function in the ξw-component, and all the other components do not involve the ξw-variables.
(ii) In Section 4.4, the slice S t at t = t 0 + u, t 0 = 0, can be chosen by first taking a slice S 0,t 0 at t 0 in w 0 and then set S t = S 0,t 0 +w. In the same way the relatively compact neighbourhood U t ⊂ t + S t can be taken of the form U 0,t 0 +w. Notice that 0 ∈ U 0,t 0 . (iii) Then, for δ > 0, Q δt = Q t and D(δ)
(iv) Once Φ t has been chosen for t ∈ w with |t| = 1, Φ δt can be chosen, for δ > 0, as
Let T be a finite set of points on the unit sphere in w 0 such that {KU 0,t } t∈T covers the unit sphere. Then there is r > 1 such that the annulus {w 0 ∈ w 0 : 1 ≤ |w 0 | ≤ r} is contained in t∈T KU 0,t . Therefore {r j KU 0,t } t∈T, j∈Z is a locally finite covering of w 0 \ {0}. For each t ∈ T we choose χ t ≥ 0 in C ∞ c (w t ∩ w 0 ) supported on U 0,t so that t χ t > 0 on {w ∈ w 0 : 1 ≤ |w| ≤ r}. By Corollary 4.2, we can define χ # t,j ∈ C ∞ c (w 0 ) supported in r j KU 0,t and such that χ 
and, for every t, j,
Proof. By [22] , there exist smooth functions u t , t ∈ T , on R dw 0 such that
Setting u t,j = u t • D(r −j ), we have χ # t,j (w) = u t,j ρ w 0 (w) , for every t and j. Since ρ w 0 (supp χ # t,0 ) does not contain the origin, we may assume that each u t , t ∈ T , is supported on a fixed compact set E of R dw 0 not containing the origin. Moreover, since ρ w 0 is a proper map, and ρ w 0 (w 0 \ KU 0,t ) is closed in R dw 0 and disjoint from ρ w 0 (supp χ # t,0 ), we may also assume that (supp u t ) ∩ ρ w 0 (w 0 ) ⊂ ρ w 0 (KU 0,t ) = ρ w 0 (U 0,t ).
Clearly, t,j u t,j = 1 on ρ w 0 (w 0 ) \ {0}. Therefore, if we set η t,j = u t,j t ,j u t ,j , η t,j = u t,j on ρ w 0 (w 0 ), and the sum of the η t,j remains equal to 1 where some η t,j is positive. Then (5.4) and properties (i)-(iv) follow easily.
Characterisations of functions in
If g is an integrable function on w 0 and F and integrable function on N , we set
This can be regarded as the convolution on N of F and the finite measure δ 0 ⊗ g, where δ 0 is the Dirac delta at the origin in v ⊕w. We use the symbol to denote Fourier transform in the w 0 -variables. For a function on N we then set
. Finally, we denote by ψ t,j the inverse Fourier transform of χ # t,j .
Lemma 5.4. The following are equivalent for a function F ∈ S(N ):
vanishes with all its derivatives for ζ = 0;
, with G α ∈ S(N ) for every α; (iv) the series t∈T, j∈Z F * w 0 ψ t,j converges to F in every Schwartz norm; (v) for every Schwartz norm S(N ),M and every q ∈ N,
Proof. The equivalence of (i) and (ii) is a direct consequence of the definition of S 0 (N ). The equivalence of (ii) and (iii) follows from Hadamard's lemma, cf. [11] . Finally, the equivalence among (ii), (iv) and (v) can be easily seen on the w 0 -Fourier transform side.
5.4.
Proof of Proposition 5.1. Let (N, K) be a nilpotent Gelfand pair. We assume that all the quotient pairs (N t , K t ) for t ∈ w 0 \ {0} satisfies (S). We continue with the notation of Sections 5.2 and 4.4.
Let F ∈ S 0 (N ) K . Decompose F according to Lemma 5.4 (iv) . Then
Denoting by µ t,j the measure δ 0 ⊗ ψ t,j , where δ 0 is the Dirac delta at the origin in v ⊕w, G(F * w 0 ψ t,j ) is the product of GF and Gµ t,j . By (2.4), if ζ = ζ 0 +ζ ∈ w 0 ⊕w, then
Set F t,j = F * w 0 ψ t,j , and consider R t F t,j . Since we are assuming that property (S) holds for (N t , K t ), we have G t (R t F t,j ) ∈ S(Σ t D t ). Moreover, for every M, q ∈ N,
by Part (v) of Lemma 5.4 and the continuity of G t and R t . For fixed M , there exist functions h
. Recall that the maps Φ t and Φ r j t are defined via (5.2) and (5.3). Since GF t,j is supported in Σ D ∩ Π −1 ρ w 0 (r j U 0,t ) , (4.2) and Lemma 4.6 imply that the composition g
Therefore, for every choice of the integers M j , we can say that the series
converges pointwise to GF on Σ D . In fact, many of the terms will vanish identically on Σ D , and this surely occurs when
on Σ D . Notice that, by construction, there is A > 0 such that |j − j | ≤ A for (t , j ) ∈ E t,j . In particular, the sets E t,j are finite and their cardinalities have a uniform upper bound. We claim that, choosing the M j appropriately, we can make the series (5.8) converge to the required Schwartz extension of GF .
In order to estimate the Schwartz norms of η t ,j g
Then the series converges in every Schwartz norm. This defines g ∈ S(R d ). We check easily that g coincides with GF on Σ D . This shows the first part of Proposition 5.1, as the corresponding property does not depend on a choice of D, see Lemma 2.5.
Since each term vanishes identically on a neighbourhood of {0} × R dw × R dv × R dv,w 0 , the sum must have all derivatives vanishing on this set. This concludes the proof of Proposition 5.1.
The pair (Ň , K) and hypothesis (H)
Section 5 shows the Schwartz extension property we want but only for functions in S 0 (N ) K and provided that all the proper quotient pairs satisfy (S). We now show that under certain conditions, we can subtract from a general function F ∈ S(N ) K a function G with Schwartz spherical transform so that
The condition named hypothesis (H) will be formulated in Section 6.1. In Section 6.2, we explain our concept of dominant variable on the Gelfand spectrum; this concept will be essential in the proofs of Proposition 6.4 and Proposition 6.1 in Sections 6.3 and 6.4 respectively.
Hypothesis (H)
. Let (N, K) be a nilpotent Gelfand pair. We considerň = v ⊕w and the nilpotent Gelfand pair (Ň , K) obtained by central reduction of w 0 . By Proposition 2.7, (Ň , K) satisfies property (S).
We fix a Hilbert basis ρ = (ρ w 0 , ρw, ρ v , ρ v,w 0 ) as in Section 2.6. For a multi-index α = (α , α ) ∈ N dw 0 × N dv,w 0 , we denote by [α] the degree of ρ α w 0 ρ α v,w 0 in the w 0 -variables. For ρ j ∈ ρ w 0 ∪ρ v,w 0 , letD j ∈ D(Ň )⊗P(w 0 ) denote (λ Ň ⊗I)(ρ j ), where λ Ň is the symmetrisation operator (2.10) forŇ , and ρ j is regarded as an element of P(ň) ⊗ P(w 0 ). If α = (α , α ) ∈
Definition 6.2. We say that (N, K) satisfies hypothesis (H) if, for any K-invariant function G onŇ × w 0 of the form
The following statement has been essentially proved in [11] . We give the explicit proof for completeness. Proposition 6.3. Ifw is trivial, i.e. ifŇ is abelian, hypothesis (H) is satisfied.
Proof. Under our hypotheses we are given
same holds for the partial Fourier transform in v,
By Lemma 4.8, adapted to Schwarts functions, cf. [11, Prop. 2.1],
Undoing the Fourier transform, we obtain (6.2).
Hypothesis (H) was proved in [11] for the nilpotent Gelfand pairs in Vinberg's classification [26] , including those listed in Table ( 1.1) and discussed in Section 7.
At the heart of the proof of Proposition 6.1 is the following property.
Proposition 6.4. Let (N, K) be a nilpotent Gelfand pair satisfying hypothesis (H). We keep the notation of hypothesis (H). We also consider the family of operators
obtained by symmetrisation of ρ via λ N . Let F ∈ S(N ) K , and assume that
with R γ ∈ S(N ) for every γ. Then, for every α with [α] = k, there exists a function F α ∈ S(N ) K such that
with h α ∈ S(R dw+dv ), and
with R γ ∈ S(N ) for every γ .
The proof of Proposition 6.4 will be given in Section 6.3. It relies on the notion of dominant variable in the Gelfand spectrum explained in the next section.
Before going into it, we need the following notation and observations. Consider the transformŘ defined as in (3.7) and (3.8) with s = w 0 and mapping S(N ) → S(Ň ) and D(N ) to D(Ň ). As the restrictions toň of ρ w 0 and ρ v,w 0 are zero, by (3.9), we have:
Recall that ρw is a system of coordinates ofw since the action of K onw is trivial, and that ρ v is a Hilbert basis for the action of K on v. Hence ρ v , ρw form a Hilbert basisρ for (Ň , K). The operators obtained by symmetrisation are by (3.9)
and form a generating familyĎ = (
Denote by Σ,Σ the Gelfand spectra of (N, K) and (Ň , K) and by Σ D ,ΣĎ their realisations via D andĎ respectively. The proof of Proposition 3.3 given in Section 3.3 implies that we may consider ΣĎ as the following subset of Σ:
Moreover, denoting byǦ the Gelfand transform of (Ň , K), we have the identity 
We may write any element ξ of 
In particular, if ξ w 0 = 0, then also ξ v,w 0 = 0.
Proof. Let p(v) = |v| 2 , where | | denotes the norm induced by a K-invariant inner product on v.
Denote by X v the left-invariant vector field equal to ∂ v at the identity of N . Then λ (p) is the sublaplacian L = − X 2 e j , where {e j } is an orthonormal basis of v. Then L is hypoelliptic and, for every v 1 , . . . , v m ∈ v and F ∈ S(N ),
cf. [14] . For w 1 , . . . , w m ∈ w 0 and F ∈ S(N ), we also have, by classical Fourier analysis,
is a linear combination of terms of this kind, with m = ν j and m = ν j . Therefore, for F ∈ S(N ),
We may assume that ρ v contains the squares p k = |v k | 2 of the norm restricted to mutually orthogonal irreducible components of v. Then p is the sum of such p k . The same can be said about q(w 0 ) = |w 0 | 2 on w 0 .
Denote by ξ k the component of ξ v corresponding to λ (p k ), ξ the component of ξ w 0 corresponding to λ (q ), and ξ j the component of ξ v,w 0 corresponding to D j . Then, since λ (p k ) and λ (q ) are positive operators, we have ξ k , ξ ≥ 0 in Σ D . Hence (6.6) implies that, on Σ D ,
This proves (i). To prove (ii) it suffices to prove that ξ w ≤ C ξ v . For this, it suffices to observe that every derivative ∂ α w in the w-variables can be expressed as a combination of products X v 1 · · · X vm with m = 2|α|. Then, for every F ∈ S(N ),
6.3. Proof of Proposition 6.4. Let (N, K) be a nilpotent Gelfand pair. We keep the notation of Sections 6.1 and 6.2. We assume that (N, K) satisfies hypothesis (H) and recall that the nilpotent Gelfand pair (Ň , K) satisfies (S). Consider the Fourier transform (5.6) of F in the w 0 -variables. Then
Setting G γ (v, u) = i k R γ (v, 0, u) ∈ S(Ň ), we have
Since G = γ ζ γ G γ is K-invariant, as hypothesis (H) is satisfied, see Section 6.1, there exist H α ∈ S(Ň ) K such that Notice that S = |γ |=k+1 ζ γ S γ ∈ S(Ň × w 0 ) because it is the difference of two Schwartz functions. Since the derivatives of order up to k vanish for ζ = 0, it follows from Hadamard's lemma that the same sum S can be obtained by replacing each S γ by a function S γ ∈ S(Ň × w 0 ). Now we can undo the Fourier transform. In doing so, the monomials in ζ are turned into derivatives in the w 0 -variables, and eachD j is turned into the differential operator λ Ñ (ρ j ), where the symmetrisation is taken on the direct productN =Ň × w 0 . We denote byD j this operator.
We then have This concludes the proof of Proposition 6.4.
6.4. Proof of Proposition 6.1. Let (N, K) be a nilpotent Gelfand pair satisfying hypothesis (H). We keep the notation of Definition 6.2 and fix F ∈ S(N ) K . Consider the restriction of GF to the set ΣĎ in (6.3), which equalsǦ(ŘF ) by (6.4) . By Proposition 2.7, (Ň , K) satisfies property (S). Hence there exists h 0 ∈ S(R dw+dv ) extendingǦ(ŘF ). By Lemma 6.5, h(ξ) = h 0 (ξw, ξ v ) ∈ S(Σ D ). Let F 0 ∈ S(N ) K be the function such that GF 0 (ξ) = h.
ThenŘ(F − F 0 ) = 0, which implies that F − F 0 = dw 0 j=1 ∂ w j G j , with G j ∈ S(N ). By iterated application of Proposition 6.4, we find a family {F α } α∈N and, for every α, GF α (ξ) = h α (ξw, ξ v ), with h α ∈ S(R dw+dv ). By Whitney's extension theorem [19] (see [2] for a proof in the Schwartz setting), there is a function g ∈ S(R d ) such that, for every α = (α , α ) ∈ N dw 0 × N dv,w 0 , ∂ α ξw 0 ∂ α ξv,w 0 (0, ξw, ξ v , 0) = h α (ξw, ξ v ) .
We take as G the function in S(N ) K such that GG = g |Σ D . We must then prove that G − F ∈ S 0 (N ) K .
Take a monomial w β 0 on w 0 . Given an integer k ≥ |β|, decompose F as in (6.7) and observe that We claim that k can be chosen large enough so that, undoing the Gelfand transform, the series Hence we look for k such that r k η t,j S(R d ),m = O(r −|j| ) for every t ∈ T . We first do so with r k replaced by the remainder s k in Taylor's formula, 6.5. The main theorem. We can finally prove the main results of the paper. Theorem 6.6 is obtained by combining together the partial results stated in Propositions 5.1 and 6.1. It will be used in Section 7 to prove by a recursive argument that the pairs in Table ( 1.1) satisfy property (S).
Theorem 6.6. Let (N, K) be a nilpotent Gelfand pair. We assume that 7.0.5. The pair C 2n ⊕ (Λ 2 C 2n ⊕ R), SU 2n . The Lie bracket is given by (7.1). Any element w 0 of w 0 \{0} is conjugate, modulo an element of U 2n , to an element of the form (7.2) t = diag(t 1 J p 1 , . . . , t k J p k , 0 2q ) , with p 1 + · · · + p k + q = n and t i ∈ R, t i = t j for i = j. If q > 0, then w 0 and t are also conjugate under SU 2n . If q = 0, then there exists e iθ , unique up to a 2n-th root of unity, such that w 0 is conjugate to t θ = diag(t 1 e iθ J p 1 , . . . , t k e iθ J p k ) .
Then K e iθ t = K t , w e iθ t = e iθ w t .
For an element t as in (7.2), we have
The discussion proceeds as in subsection 7.0.4.
